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ABSTRACT: The present work studies the behavior of a suspended arch
bridge under the action of concentrated or distributed moving loads, proposing a
mathematical model for the problem. The studied suspended arch bridge has a
dense arrangement of cables, while the described method can easily be extended
in the case of a sparse arrangement of cables.

Two models are considered for the study of the bridge, a 2D model and a 3D
one, while the theoretical formulation, is based on a continuum approach, that
has been used in the literature to analyze such bridges. Finally the obtained
equations are solved using the Duhamel’s integrals and the Laplace Transform.
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1 INTRODUCTION

Arches provide a structural system that can efficiently support large loads while
lending themselves to excellent aesthetics. Historically, arches have been
widely used in bridge systems, however, in modern applications they are
usually reserved for signature bridges, where aesthetics play an important role
in the design. Because arches primarily resist loads through compression, steel
and also concrete are ideal structural materials for their application.

In the last decades, the design practice for various types of steel structures, have
been changed to limit state design rules to obtain more rational designs.

As for the steel arch structures, the classical critical instability is often
regarded as the chief design criterion [1]. However, this is by no means the
ultimate load, which the arches with practical proportioning can carry.

The papers studying the actual carrying capacity of arches with practical
proportioning under practical loadings (i.e. circulation loads, earthquake’s
loads, support’s motion etc), are considerably less than the ones studying the
classical bifurcation buckling.

Among the studies relating to stability one should mention the Johnston’s
study [1] and also those of Bergermeister et al [2], Pircher et al [3], Wang et al



50 Suspended arch bridges under moving loads

[4], Zhu and Sun [5], Bruno et al [6], Mannini et al [7] etc.

Among the studies relating to the creep phenomenon there is a lot of papers
[8 to 15] relating, mainly, to the creep of concrete-filled steel arch tubes.

The actual carrying capacity of arches with practical proportioning under
practical earthquake loadings is considerably less than those relating to the
classical bifurcation buckling [16 to 20].

Finally there is a lack of papers relating to the supports’ settlement and
moving loads.

As for the supports’ settlement, Drosopoulos et al [22] studied the behavior
of stone arch bridge subjected to the abutment movement while Liu et al [22]
studied the effect of a springing displacement.

As for the moving loads, there are papers related to masonry arch bridges
[23] or hanger arch bridges [24-25] while the papers relating to the classical
form of an arch bridge use numerical methods [26] or F.E. ones [27]. Few
publications study the influence of moving trains as for example the paper of
Calcada et al [28], Cher et al [29] or Wallin et al [30].

An arch bridge consists of three elements: the deck, the arch, and the cables
(hangers) that connect deck and arch.

Although it is usual the dense arranged cables to be considered no
deformable, in this study we consider them deformable in order to study their
real behavior. In addition an initial lifting (negative deformation) of the deck
has been considered, i.e. an initial tension of the cables in order to avoid the
possible appearing compressive stresses.

Finally the form of the parabolic arch is given by the equation:

4-f R _4-fo
L? L

The present work studies the behavior of a suspended arch bridge under the
action of concentrated or distributed moving loads, proposing a mathematical
model for the problem. The studied suspended arch bridge has a dense
arrangement of cables, while the described method can easily be extended in the
case of a sparse arrangement of cables.

Two models are considered for the study of the bridge, a 2D model and a 3D
one, while the theoretical formulation, is based on a continuum approach, that
has been used in the literature to analyze such bridges. Finally the obtained
equations are solved using the Duhamel’s integrals and the Laplace Transform.
A variety of numerical examples allow one to draw important conclusions for
structural design purposes.

z(x) = -X (1)

1. INTRODUCTORY CONSEPTS
2.1. Thearch
Let us consider the arch beam of figure 1, which the form is given by the
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following equation:
z=2(x) (2a)

-.1'-——- L2 —F—— L2 —F—

Figure 1. The arch

From the initial and the deformed state of an infinitesimal part ds of the arch we
find:

dx+du=(1+¢g)-ds-cos(p+y) =dx +&-dx —y-dz
dz +dw = (L1+¢)-ds-sin(p+y) =dz+¢-dz +y-dx

Or finally:
du=g-dx—wy-dz (2b)
dw =wy-dX +¢-dz
where, infinitesimal of higher order (e-dz-y, e-dz-dx) are neglected.
For a non-extensible beam (¢=0) we have:
dy _d'w dx
ds dx? ds

2c
du (dzj2 dw dz @)
—=g- 1+ _ - .
dx dx dx dx

-
]
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-
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o
3

Y

Figure 2. Deformation of an infinitesimal part ds
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From the second of the above (2¢) we obtain:
L L L
J.du =u(L)-u(0) =Is-(1+z’2)dx—Iz’-W’dx =0
0 0 0

which after integration gives (because w(0)=w(L)=u(0)=0):

L L
J.s-(1+z'2)dx+J-z”-wdx -0 (2d)
0

0

Figure 3. Equilibrium of an infinitesimal part ds

From figure 3 we get dH =—p,dx and because it is usually p, =0, we obtain:
On the other hand we know that:

eo_ N S ! , N=_ (2e)
E-A(X) cos® ¢ COS®
Therefore, equation (2d) becomes:
L L L
j N 5 dx=J. H 3 dx=—Iz”-wdx (2f)
o E-A(X)-cos” ¢ oy E-A(X)-cos” ¢ 0
H = constant (3a)
And thus:
1 L
H =——-Iz”-vvdx
K 0
(3b)
L dx
where: K:I

< EA(x)cos’ ¢

From the equilibrium of figure 3 we conclude to the following equations:
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2
2H=p, NMop, IV owyap (3)
z dX z 2 z
2
From the first of (2c) we get: dy d—W d_x M r d'w _ M

d dx* d  EI dx?  EI_cose
while because of (3c) and taking into account the inertia forces we obtain:
2 2

d dw
——1| EI_cos a
XZ[ a (P dX2

J+H-wa+mawa=pz—E~IZ -W,dx (3d)
0

From equation (1) we find z"=8f / L while we put, as usual, I, cosp=1,

where |, is the moment of inertia at the top point of the arch. Therefore equation

(3d) becomes:
2

mgL
f

0

nn
E |cWa —

(3e)

Putting p, =0, we get the equation of the free motion from which we will try
to determine the eigenfrequencies and the shape functions of the arch:

"n m I—2 " .
Elcwa—%w +mw, =- (4a)
(0]
We are searching for a solution of the form:
w, (X, t) = W(x)-e'" (4b)
Therefore equation (4a) becomes:
L
W™ — AW —k*W = —Bdex
2 64> ? “o
m
where : Az%, B=—(p—, k'= 2®
8f EI_ KL'EI, El

Given that the integral of the right site member is independent of x, the general
solution of (4c) will be:

W(x) =c, sin A, X+c, cosA, X +c,SinhA,x+c,Coshi x+—'[de

S o o

(4d)
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Integrating (4d) we find:

L 4
c
[wax = — | - S (cos,L-1) + ZZsin, L+ 2 (Coshi, L -1) + ~ Sinhn. L
) K-BL| A A A, A,

Therefore the final solution of equation (4c) becomes:

W(x) =c,|sin}x —AL
A (k" -BL)

B .
(cos AL —1)} + cz{cosxlx + msm le]

1 —

(4e)

}‘2_ 2\ T

+C,| Sinh k2x++(Cosh A, L=1) |+c,| Cosh k2x++8inh AL
(k" -BL) Ao(k"-BL)

With boundary conditions W(0)=W(L)=W"(0)=W"(L)=0, we obtain the
following equation for eigenfrequencies:

-————(cosiL-1) |1+ ———sin\L | ———(CoshA,L-1) {1+ —————Sinh AL
2 (k* - BL) 2 (k* - BL) X, (k* ~BL) A, (k* - BL)
sini, L cosh,L -1 Sinh},L Cosh,L-11=0
0 -2 0 I
~Asina,L - cosL A:sinh AL A’ Cosh 2., L
(52)
Finally the shape functions are given by (4e) with:
sini,L
C,=—C —r—r
cosi,L-1
2
A sinA, L-(CoshA, L-1
03=c1-(—1j SnaLe (Cosir,L = (5b)
A, SinhA, L -(cosi,L —1)
[ y ]2 sin 2, L
C4 = —C1 o — o =
A, ) cosirL-1
2.2. The deck
The deck of figure 4 has the following equation of motion:
El,wi"+mw, =p, (6a)

The shape functions are:
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. NmX
zZ =smT (6b)

and its eigenfrequencies are given by the formula:

n‘n*El,
(an = W (60)

p2(X,t)
pr A e
* El, L 5

Figure 4. The deck

2.3 The cables
We consider a suspended arch bridge with two lines of cables.

. . q, Al W, —W, .
It is valid that: o=—*=¢E_=—-E_=-———"-E_ which concludes to
2A, l 1
the following expression:
(x, 1) 254 ( ) 7
Xt)=—— (W, —w
qz Z(X) d a ( )

Where A is the area of the one line of the cables’ cross-section per unit length
of the deck and E; is the modulus of elasticity of the cables.

3 THE 2D MODEL

Let us consider now the suspended arch bridge shown in figure 5.
The following equations are valid:

For the arch

nn mag LZ 14 H n 64f0
EI w'"— -wa+cwa+mawa:qz(x,t)—KL4

=T af

0

L
-Iwadx (8a)
0

And for the deck
Elwi+c-w, +mw, =p,(x,t)—q,(x,1) (8b)
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Figure 5. The suspended arch bridge

Introducing g.(x,t) from equation (7) into equations (8a,b) we get:

mgl®  2EA _2EA, 64 :
EIw/——— Wl +—5=W_+CW, +m W, W, - j-Jwa
8f, Z(x) (x) KL 4
(9a,b)
El Wi+ 2ECACw +C-W, +mwW, =p (X t)+2ECA°W
dd Z(X) d d d pZ ! Z(X) a
We are searching for a solution of the form:
w, (X, 1) =D W (x)-T, (1)
" (10a,b)

w, (1) =>Z ()R, (1)

where W,, from equation (4e) and Z, from equation (6b), are the shape functions

of the arch and the deck respectively, while T, and R, are time functions under
determination.

Introducing the above expressions into equations (9a,b) we obtain:

2
- m gL WT 2E A

El.Y W, TH_QTZ ¢ CZWT +CZWT +m ZWT

n 0 n n

_2E A 64f
Z(X)
e 2EA . . E A

El,Y Z'R, +— CZZan+CZZan+deZan:pZ(X,t)+ c °ZWnTn

- 2(x) £ - - 2(x) 5

(11a,b)
We remember that W, and Z, satisfy the following equations of the free motion:
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2L
mgL2 " 2 64f
T Wm0l W, =

0

El,Z"-m,0}Z =0

EI W~

Therefore equations (11a,b) become:

m ZWT +CZWT +m Z%WT +25()'302
n
de +C- ZZR +mdzmdnann+ ()3 YZR, - E, CZWT ~p. (1)
n

(12a,b)

Multiplying the first of (12) by W, and integrating, the second of (12) by Z,

and integrating and taking into account the orthogonality conditions, we finally
find:

L L
. . WW 7 W
ST LT o, Tj n de T Rj P gy |=
P m P ap p n Z pn no Z(X)

a 0

.C . LGz "W Z 1k
R +—R +oiR +A Y IR [—2dx AZTJ i | [p.z,0x
P m. P pp p n Z(X) p n Z L z7p
d n 0 n 0 J‘szxo
dJ 7p
0

(13a,b)

Without restriction of the generality, one can suppose that the following is
valid:

p,(x,t)=p,(x)-f,(t) (14)
In order to solve the system (13) we use the Laplace transformation, with initial
conditions R _(0) = R 0=T (0= 'i'p (0)=0. We put:

LT (1) =Tp (s), LR (t)= Lﬁp(s)
LT ()=s-T (), LR ()=s-R (5
LT (t)=s"-T (s), LR (t)=s" R _(s)
Lf, (t)=f,(s)

(15)

And also:
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LW W L
a”pzrf’! z(x) x, j z(x)
ynp: J. () X’ 6np:Ap_([%d (16)
€, = o AC.([p (x) - Z dx

Introducing the above equations (15) and (16) into (13) we obtain the following
linear system:

— c _ B B B
o T+t (0 +s +m—s+mip)Tp +ota, T =B R —..=B R, =0
: (17a,b)
_ , ¢ . B B ~ )
TR+t (v, +5 +m_s+‘”dp)Rp+----+anRn -5, T —.-8, T =¢f,
d
with p=1to n.

Solving the above system we determine Tp and ﬁp and further:
— 71_
T ()=L"T1)

L (18a,b)
R,()=L"R, ()

4 THE 3D MODEL

Let us consider now a 3D model, whose the cross-section and the sign

convention of deformations and of the cables’ stresses are shown in figure 6.

We accept the following:

1. The arch and the deck have the same width 2b

2. We suppose that both arch and deck have non deformable cross-sections in
their plan and therefore the motion of each one can be expressed by the
displacement of their gravity center.

3. Angle ¢, is negligible.

The following relations are valid:
w_, =W, +b
r =Y T 0P (19a)
W, =w, -bo,

Therefore from equation (7) we get:
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q, = ZC(X)C (W, —w, +bo,)
(19b)
ECAC
qz - Z(X) (Wd _Wa b(Pd)
A-b kb
(p“:k\{'
e,
s
i 1B
1 'i.
! o
1
1
]
(
i
i e
r : A %d
= ] I
—*Dd -1{'
Figure 6. The 3D problem. Deformations and Stresses
From equations (19b) we obtain:
E A
q1+q2 = ZEX)C (Wd _Wa)
(19¢)
—q. = EA, b
ql q2 - Z(X) (pd
On the other hand because the angle o is very small we have:
Qv Ay, =49; 74,
L
qH1+qH2:(q1+q2)'T)d() (19d)
Vg
A —Yp2 :(q1 _qz)'m

The equations of the problem are the following:
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For the deck
Elng”+cv'vd +mW, =p, —(q1+q2)
o . v,
Elvy"+co, +m 0, :py—(ql—qz)-m
" " . . L
El, 05 =Gl +co, +J,0y =M, _(ql_qz)‘b_(ql_qz)’T;)'b’q’d
For the arch
g 2 f2 L
E ICWg/r_gTWg +Cwa +mawa = (ql +q2)_K—L3~([WadX

”

" (P . .0
El, (0] +?")+Cm)a+maua =@y —94,)

The above two sets of equations, because of equations (19), and neglecting the
higher order terms like (v, -94), become:

For the deck
2E A 2E A
El Wi+ ——Lw, +CcW,+m W, =p,(X,t) +—=w
y z(x) ‘ z(x) °
nn . . 2E A L
ELLu"+co, +myb, =p, (x,1) - Z(CX)C (w, —wa)-T:‘() (20a,b,c)
" " . . 2E A 2
El oy’ —=G 1,9} +Co, +Jpx(pd = mX(X,t)—ﬁ~ Py
For the arch
m gL 2E A 2E A 64f2
Elcwg"— d Wg+ £ CWa+CWa+ma\Na: £ de— j WadX
8f, z(x) z(x) KL 5 (21a,b)
R . 2E A 8
El,L"+co, +m D, = —Z(CX)C (w, —Wa)T;)

In order to solve the above complicated system of equations (20) and (21) we
follow the following steps:
1% Step
The system of equations (20a) and (21a) are exactly the equations( 9a,b) and
therefore their solution is given in §3 (equations (16), (17) and (18)).

2" Step
In order to solve equation (20c), we are searching for a solution of the form:
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P (x,1) =D @ (x)-U, (1) (22a)

where ®_(x) are the shape functions of a single beam in torsion (given by
equation 22b) and U, (t) the time function under determination.
L

sin
®_(x)=sin, Xx—-——2"—.sinhi, x
" " sinhi, L "

2 2
with: A = |- Gly + Gly +Jpxm¢”
. 2Elo || 2El El,

2 2

A = GID n GID +Jpx0)cpn

" V2Ele |\ 2Elo El,

4_4 2 2
, NmEl nnGly

Opn = 4 + 2
® JpXL JpXL

(22b)

and:

Introducing (22a) into equation (20c) we get:
EI,Y @"U -Gl > ®'U +cy @ U +I > U =
n n n n
2E A
=m_ (X, t)——=<b*> P U
X( ) Z(X) Zn: n n

Taking into account that @ (x) satisfies the equation of free motion the
above becomes:

. .. 2E A
2 2
Jpx E m(pnd)nUn+CE q)nUn+Jpx E q)nUn ZmX(X,t)—#b E q)nUn
n n n n

Multiplying the above by @, (x), integrating from 0 to L and taking into
account the orthogonality conditions we conclude to the following equation:

L
Imx (%, t)d)pdx

. : 2b%E A LD O
U +2U 402U =2 — e U [tk | (239)
P Jpx p o P ) ) - nO Z(X)
T @2k 3, [oldx
0 0

Without restriction of the generality we put
m_ (x,t)=m_(x)-f () (23b)

In order to solve the system (23a), we use the Lagrange transformation and
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with initial conditions Up(O) = UP(O) =0 we put:

LU () =U (), Lf ()=,

) _ . — (23c)
LUp(t)zsUp(s), LUp(t)zs Up(s)
and also
Lq) ) L
, [0 P dx [m 0@ dx
°EA, 5 29) o
T N v &, = - (23d)
pXx 2 2
j@pdx JpXIQde
0 0

Introducing the above into (23a) we obtain:

— 2 c 2 = —
CpUy ot (G, +5 +J—'3+0)¢,p)Up+ ...... +C U, =& -f,(s) (24a)

p X
pXx
with p=1 to n.
Solving the above system we determine the Up (s) and further:
U ()=L"U () (24b)
3" Step

We observe that equation (20b) is a non-linear differential equation, which,
obviously, can not be solved by classical elementary methods. Therefore we
will try to achieve an approximate solution by applying the method exposed
in [31, 32].

Neglecting for instant the non-linear terms we get the equation:

ELV)"+co, +m 0, = p, (x)-f, (1)

and following the well known procedure we obtain the solution:

od(x,t)=zSin$-Gn(t)

L
2[p, (x)-sin X i
with G (t)=—2

t

-Ify ) -e P Psing (t-1)de L (25)
0

m,-L-®

d vn

C — 2 2
! = mun_B @

and: B= ® S
B 2md vn vn m L4
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Knowing wy and w, from the solution of the first step and vy from the first
of equation (25) we get the function:

E(x,t) =
2E A, v, nex
" 200 (W, - 20 z(x) Z[W )T, ()-Z, ()R, (D] ZSm U (1)

(26a)

Considering now equation (20b) with the right side member having only the
non-linear terms, we get the equation: El,ug'+cog +mydy = E(x,t), which has
the solution

nmX .
v, =Y sin——-Q (t with
o Zn: 1 (0,

) (26b)
Qn(t)zf I[I (x,7) -sin 22X dx] e sing, (t-)dr
my- 0, L
Therefore the complete solution of equation (20b) will be:
. NmX
X, )= > sin——-[G_(t)-Q (t 26¢
ud()Zn: L["() 2 (O] (26¢)

4™ Step
Equation (21b) has exactly the same form with equation (20b) and therefore
itis solved -4

5 NUMERICAL EXAMPLES AND DISCUSSION
Let us consider us a suspended arch bridge like the one of figure 5.
The bridge is made for isotropic homogeneous material with modulus of

elasticity E, =2.1-10°kN/m’ and shear modulus G =0.8-10°kN/m?’.
The length of the bridge is L =120mand its width 2b =10m.
For the arch we have f =18m, I_=0.2m"and m_=300kg/m.

For the deck we have moments of inertia in bending Iy =0.03m*,
I, =0.10m", torsional moment of inertia 1, =0.01-10°m", warping resistance
I, =12 m°®, rotational mass moment of inertia |ox = 26kNmsec’, and mass per

unit length m, = 200kg/m.
The cables are placed in tow rows at the edge of the cross-section of the
bridge having area per unit step A, =3.0-10"m*/m/row, and modulus of
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elasticity E_ =1.5-10°kN/m®.
An initial elevation has been given to the deck by prestressing of the cables

according to the following expression: v, = 0.001'sin7t—|_X :

At t=0, a moving concentrated load F=600 kN or a distributed one p=20
kN/m? enters the bridge moving with velocity v, and acting centrically or
eccentrically.

3.1 The 2D model
A. The moving concentrated load.

Considering firstly a concentrated load of F=600 kN moving on the axis of the
deck with constant velocity v=20 m/sec (or else 72 km/h) and applying the
formulae of §3 we obtain the following plots of figures 7 and 8.

WA

wn wh

0.03 4107, 0.03

0.02 . 0.02

2010 )

0.01 0.01

& t

1 2 3 4 5 3 1 2 A 4 5 3
-0.01 o
18 -0.01

2110 "

-0.02 -0.02

-0.03 -4r10 8! -0.03

x=L/4 x=L/2 x=3L/4

t
1 2 d 4 5 6

Figure 7. The motion of the arch’s first quarter, middle, and third quarter

From the above plots, we verify that always the arch is deformed in anti
symmetrical forms which the middle point has negligible motion.

D b WD
3 0.0025 0.03
2 0.002 0.02
1 0.0015 0.01
© 0.0 t
2 A 4 5 3 1 2 3 4 s 6
-0.01 0.0005 -0.01
-0.02 t -0.02
W 2 3 1 U
-0.03 -0.0005 -0.03

x=L/4 x=L/2 x=3L/4

0.0
0.0;
0.0

Figure 8. The motion of the deck’s first quarter, middle, and third quarter

The motion of the deck’s first quarter, middle and third quarter are shown in
figure 8, while the tensions of the cables are shown in figure 9 for different time
instants.
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1400
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t=5 t=5.95
Figure 9. The cables forces at different time instants

B. The moving distributed load.

Considering now a distributed load of p=20 kN/m?, acting on a width of 2
meters, moving on the axis of the deck with constant velocity v=20 m/sec (or
else 72 km/h) and applying the formulae of §3 we obtain the following plots of
figures 10, 11 and 12.

N i
8

0.035 4110 1 2 4

0.03 -0.0
8

0.025 mo -0.01

0.02 2r10-19 -0.015

0.015 -0.02

0.01 1018 -0.025

0.005 -0.03

1 ) 3 4 < P 1 2 3 4 5 6 0.03
x=L/4 x=L/2 x=3L/4

Figure 10. The motion of the arch’s first quarter, middle, and third quarter



66 Suspended arch bridges under moving loads
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I 0.001 f\lv/
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x=3L/4

Figure 11. The motion of the deck’s first quarter, middle, and third quarter
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Figure 12. The cables forces at different time instants

3.2 The 3D model
A. The moving concentrated load.

We consider now that the above in §3.1.A concentrated load moves on the deck
eccentrically with eccentricity e=1 m. Therefore the bridge oscillates with a
torsional motion which can be determined applying the formulae of §4 (step 2).
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The so produced angles ¢ along the deck are shown in figure 13 for different
time instants.
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Figure 13. The angle ¢ of the deck motion for different time instants

Finally the cables’ forces of the tow row of cables are shown in the plots of the
next figure 14.
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Figure 14. The cables forces at different time instant. black: cables forces with load acting
centrically, red: forces of the left row of cables, blue: forces of the right row of cables

We see, as was expected, that the left row of cables is charged more than the
right one as the load acts nearest to the left row of cables.

B. The moving distributed load.

We consider now that the above in §3.1.B distributed load moves on the deck
eccentrically with eccentricity e=4 m. Therefore the bridge oscillates with a
torsional motion which can be determined applying the formulae of §4 (step 2).
The so produced angles ¢ along the deck are shown in figure 15 for different
time instants.
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Figure 15. The angle ¢ of the deck motion for different time instants

Finally the cables’ forces of the tow row of cables are shown in the plots of the

next figure 16.
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Figure 16. The cables forces at different time instant. black: cables forces with load acting
centrically, red: forces of the left row of cables, blue: forces of the right row of cables

We see, as was expected, that the left row of cables is charged more than the
right one as the load acts nearest to the left row of cables.

6.
Fr

CONCLUSIONS
om the results of the model considered, one can draw the following

conclusions.

1.

A mathematical model is proposed either for the 2D distress and for the 3D
distress of the bridge. The above models with densely placed cables can also
be easily applied for sparse cables installation.

The specific behavior of the arch, which is always deformed into anti
symmetrical shapes, has been verified, while its midpoint at x=L/2 remains
practically immovable having negligible motion, as one can be seen in
figures 7 and 10.

Although the total distributed load is less than the concentrated one, it causes
greater tensions on the cables, perhaps because it acts, each time, on a larger
part of the deck.

The eccentrically moving concentrated load causes a greater difference in
cables tensions of each row even if it acts at a relatively smaller eccentricity
than the distributed one, showing that the concentrated loads or vehicles are
more dangerous.

Both concentrated or distributed moving loads cause the largest stressing of
the cables and the greatest difference between the stressing of the two rows
of cables when entering or exiting the bridge.
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