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ABSTRACT: The phenomenon of twisting appears in bending beams as a
special case of the lateral-torsional buckling of a beam. In this paper, we will
study the influence of the prestressing on the stability (twisting stability) of a
simply supported beam. The case of the prestressing by rectilinear tendons is
studied and numerical applications are presented.
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1 INTRODUCTION

The origin of the prestressed steel members dates back many years ago. This
technique is attributed to Paxton, who in 1851 used prestressed steel beams for
the building of Crystal Palace. In 1907, Koenen was the first which proposed
prestressed steel bars, many years before the application of prestressing in
concrete [1].

Figure 1. Prestressing System of a Steel Beam

The father of prestressing, mainly in concrete, is Eugéne Freyssinet, who in
1928 defined prestressing as a technigque which consists in increasing the
capacity of a material to undertake greater loads than the ones of a material
without prestress.

Comparing the steel prestressed members to the concrete prestressed ones, we
have to indicate the following:
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a) The concrete prestressed members are friables and are underlain to the
shrinking phenomenon. The above, are unknown to a steel member.

b) This technique further raises both the quality and the resistance to tension
and compression characteristics of the steel. In opposite, the resistance to
tension in reinforced concrete is, in fact, negligible or nonexistent.

The prestressing of members is easily applicable both on new and existing
structures and especially for the strengthening of existing bridges [2].

As it is generally known, while an installation of prestressing tendons doubles
the load-carrying capacity of a structure, it actually increases also the load
carrying capacity if buckling of the structure is considered [3,4].

The research on this last field of instability, is rather poor, and the existing
publications examine this problem mainly through experimental way [5,6].

The instability of a beam, may be appeared not only as the classical buckling of
a column, but also as the twisting phenomenon (a special case of the lateral-
torsional buckling).

This phenomenon, appears in bending beams with or without joins (or
obligations) along the beam-span.

As an example of the first case we would mention the simply supported beam,
while as an example of the second case we would mention the main-beams of a
bridge with deck of under-passage. Let us see the system of figure 1, which is a
back pushing system. We consider in addition tha the rods or cables “a” and “b”
are not loaded. By applying an axial force P, we will have evidently a critical
load bigger than the critical buckling one. A prestressing cable operates like the
above system in its limit case (with e = 0). Supposing that the ends of the beam
are unmoved a cable reacts and acts like a back — pushing system just when an
eccentricity “e” appears at the beginning of the twisting phenomenon of the
beam.

In this paper we will study the increasing of the stability (twisting-stability) of a
simply supported beam prestressed by rectilinear tendons, that is the usual way
of prestressing in steel beams. Without restriction of the generality, the exposed
method can be also applied in other forms of tendons like the one of Figure 1b
(that is rectilinear by parts).

2 INTRODUCTORY CONCEPTS

1. The beams in use, have usually the moment of inertia I, much bigger than the
I, one. In the case of a beam like the one of figure 1a, where 1,<<lI , appears
the phenomenon of twisting (a special case of lateral-torsional buckling).
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Figure 2. Prestressed Steel Beam Cable Arrangements

2. Let us consider now the beam of Fig. 2, which is prestressed by cables of

random form, given by the equation:
z, =€, +2(X) 1)

Where we suppose, in addition, that the points P of anchorage of the cables at
the edges of the beam are located at a distance e, from the gravity center S of
the beam’s cross-section.(see Fig. 4).

3. We assume that w << v and thus the terms due to w can be neglected.

4. Finally the beam may be restrained against torsion, as a member, for
example, of a bridge, by a spring of constant k (see Fig.2).

5. The external loads produce the moment My(x), which after the deformation of
the beam is analyzed to (see Fig. 3):
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My =M, cosp=M,
MZ

=-M,sinp=-M, -¢p @)

C
Figure 3. Analysis after the deformation of the Moment  produced by the external loads

3 ANALYSIS
We will proceed using the method of the developed potential energy. The
produced work is due to the external forces and to the internal ones.

3.1. The work of the internal forces.
Taking into account the cross-section’s warping, the work of the internal forces
is:

l
E, :%I(E 1L,o"2 +E 1,0" +G 1,0'*)dx 3)
0

3.2. The work of the external forces.

3.2.1. The work of the force F.

Because of F (the force of prestressing), the developed tension at a random

point B(yg,zg) is equal to oy =—F{i+7—‘3e2], while the length of the
y

(/
corresponding fibre is equal to %j(ugz +w,?)dx. Therefore the produced
0

work will be:
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Ee = [ 1 Zoe, (g + Wy A )
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The displacement vg of the point b, because of the rotation ¢, is related to the

displacement v of the gravity center by the following relation:

Vg =U—=1g @ (@)
On the other hand it is valid:

*

Zg =17y + 125 (b)

where z is shown in Fig. 4.
From the above (a) and (b) we get finally:

vg =U—(25 —Zy) @ } ©)
Wg =Yg
From the first of the above we get:
R =0 + (23 + 25 —2225) 9" —20'p'(25 — 2, (d)
Given that;
Ide A= _[ZBdAb = IyBZBdAb =0
Ay Ay Ay ©)

[vada=1. . [dA=1,
Ay Ay
Equation (4), because of the above gives:

_ Fx€ 12 22 12 rr Fx ' 12 11 Yz
EF——76|‘(U +id o +22Mu¢))dx—2Ale\/y—22M|y)(ﬂ -2l %dx
| I, +1

. 2 2 2 +2 2 i2 p y z
where : Vyzsz(yB+zB)dAb iy =igtzy o, dp=—=

A A A

(5)
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Figure 4. Position of random point B in relation to the Center of Gravity S

3.2.2. The work of M, .

If v is the angle between the axis x and the bended axis of the beam, will be
y=v' and thus dy =uv"dx or dE,, = -Mzv"dx and finally, because of Eqn. 2:

l /
E,, :—JMZU” dx:jmyu"go dx (6)
0 0

3.3. The produced work by the cables.

In Fig. 5, it is shown the deformed state of a cable of random form. We point
out, that in the deformed position of the beam, the cable in addition to the
pressure g, acts also the pressure gy, which reacts to the beam’s displacement.
Keeping in mind that w, is very small compared to v, (where w, v, are the
displacements of the cable), we have that v is connected to the displacement of
S by the relation:

Ve =0—Z2,0 7
Projecting the cable on the plane (oxz) we have:
F, =constant
F,=F,z, (8a)
dF, =-q, dx
And finally:

”

qy, = _Fx Z, (8b)
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Figure 5. The deformed state of a cable of random form

Similarly, projecting the cable on the plane (oyz) we have (see Fig.5):

ay :_Fx U (8c)

3.3.1. Work produced by the forces gy, d..

The produced work by g, and q,, taking into account that w, <<v,and equs (8),
l l

will be: Eg, = J.(qyuC +q,w,)dx =—F, |v, v, dx, or because of equation (7)
0 0

we get:
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4

Epy=—F, [[00"=2,00"~0(2,0)" + 2,0 (2,0) "] dx (©)
0

3.3.2. Work produced by the cable it-self.
From figure 5 we have:

e Coordinates of A”’:  (x, v, 20)
e Coordinates of B”’: (x+dx, v, +dv,, Z,+dz,)
Therefore the length A"B” will be:

12 12

A'B" = \Jdx? + do,? +dz,” = dxy1+0.7 + 2,7 = dx [1+ “; +27]
Thus, the elementary part ds will have its final length equal to:

Z/Z U/Z
ds=|1+—2>+— |dx
2 2

and the total length of the cable will be:

‘ Z/2 U/Z
S= || 1+ =2+—|dx (e)
; 2 2

On the other hand, we know that the total elongation of a cable of length s and
of area of cross-section A is:

F

AS=——-5 f
AE (f)
Therefore the produced work will be:
2 ! 12 12
EF2=F-AS=F— 14 % +UL]dx (9)
AE ; 2 2
Or because of equ. (7), the above equ (g) becomes:
2 0 12 _ 12
E., =+ j[1+i+w] dx (10)
EA 2 2

3.4. The work of the spring.
We accept that M=Ke, and therefore: d E; = %go M dx = % k p? dx

or finally:
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l
E, :% [ko? dx (11a)
0

To determine the constant k, we consider that we have n beams along the main
ones, which connect them, having moment of inertia I,.
We consider in addition that the above beams of length 7, are connected to the

main-beams through semi-rigid connections of coefficient r.

Thus will be: M, :%-r‘A'E—I"-(p: M =k, and therefore:

(o}

EI M

g —— 1
i L
/\/LLJL.

Figure 6. Form of the Semi-rigid connection

k—r. AnEl, (11b)
0.0,
Finally, the coefficient r, for a connection like the one in figure 6b will be:
hh
r=xd"hh, (11c)
21,
Where d is the diameter of the screw kernel.
3.5. The total work.
According to the previous analysis the total produced work is:
E=E +E-+Ey +Eg +Eg, +E; (12)

The following condition must be fulfilled:

SE=0 (13a)
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Which concludes to the following equation:

?
SE = [(E1,0"00" + El,0"5¢" + Gl 40'5p) dx
0

/

-F, I(u’é‘u' +i5 Q09" +12,,0'09" +1,,¢'60") dx
0

_ erz
Aly

/

j[/y —22,,1,)9'8p"— 1 0’89’ ~ 1 @'50" dx

e (13b)

+ IM y (L"69 + pdv™) dx
0

]{u&u” +0"60 - 72,000" — 7,0"6p — VS (2,0)" — (2,0)" OV dx
I 2,06(2,0)" + 2, (2,0) S0

F2
EA

J’_

14 4
j(u— 2,0)'5(v—2,0) dx + jk(p&adx =0
0 0

After partial integration and some manipulation of Eqn. (14), we get integrated
terms and integrals. The first are the boundary conditions while the last give the
following differential equations of the problem:

nn FZ " e ” F2 " ”
El,u —(FCO—E)U + FC,(zy, —Kim +(2FCO+E)(ZO¢) +(Myp)"=0

&FC, | 2,F®
A, EA,
e,FC, e,F

" z Co ”
I (Vy_ZZMIy)¢ + (Vy_ZZMIy)¢)
Ayly y
2

Al
F n ”n
- (2FC, +E)ZO(ZO¢) +ko+M0"=0

El,p""—(Gly —iyFCy)e"+(zyFC, +22,FC, - Yo"

+

0*-16f°
where: C I and thus F,=Fcosp=FC,

(o]

(14)
Practically, itis usually: C, =1.
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4 NUMERICAL RESULTS

It is obvious, that Eqn. 14 constitute a non linear system which cannot be solved
through elementary methods.

We will try to solve the above system through an approaching method for an
usual case of a free beam (k=0), with cross-section of double symmetry,
prestressed by a rectilinear cable and loaded by a pair of moments M,=constant,
acting at its ends (see Fig.7).

My My
# ¢ #

Figure 7. Steel beam loaded by a pair of moments My=constant, acting at its ends

For this purpose we will use a beam of different lengths having a cross-section
shown in Fig. 8.
Easily, one can find that the above beam has the following data:

I, =0.02082m"*, 1,=0.00032m" 1,=0.0002048m°, A, =0.0496 m
l,=9.38-10° m*

For the prestressed cables we have:

o, =12-10°kN/m?, z,=e, and A =0.001m’

Beam and cables have the same modulus of elasticity: E =2.1-10® kN/m?.
400+30

e

|

1600*~16
1600

/
400+30

Figure 8. Cross-Section of the beam
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Given that z, =0,z,=e, =constant,V, =0,k=0, and that the cable is
rectilinear, equations (14) get the following form:

F2 F2
El,Lo"—(F-——)"+(F+—)e,¢"+M ¢p"=0
L= ( EAc) ( EAC)Z(D Y@

2

"o 22 ” F ” F2 2 _n ”
El,e"-(Gly-iyF)e +ez(F+§)U —(2F+a)ez(ﬁ +Myo"=0

(15)
We consider solutions of the form:
v=V -SinﬂT;(
16a,b
—q).sin”_X ( )
7= ¢
Introducing (16) into (15), we get:
4 2 2 2 2 2
E |Z(1j V+(F- F )(1) V- (F +F—)ez(1j D - My[fj ®=0
‘ EA. "¢ EA, ¢ ‘
T N T 2 F?2 (x 2
Elwb) CD+(GId—i,f,|F)[?j @—eZ(F+E)(zjV (17)
2 2 2
+(2F +F—)ef(£) - My(ﬁj V=0
EA, / ‘
Taking into account that:
T 2
E IZ(I] =P,
(18)

1 7\
- Elw(—j +Gly =P
Iy 1

are the critical loads of pure buckling and of lateral-torsional buckling
respectively, Eqns (17) conclude to the following ones:

AV +(B-M,)-®=0 } (19%)

(T-M,)-V+A-®=0
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Where:
2
A=P,+F - F
EA
FZ
B=-e,(F
PR (19b)
I'=B
2 2 F?
A=iy(Pr -F)+e; (2F +
M(T ) z( EAC)

In order for the system of Eqgn. 19a to have not only trivial solutions, the
determinant of the coefficients of the unknown must be equal to zero. This
condition gives the moment M, as follows:

1 N
2
M, == (B+1)+(B-T)?+4AA) (20)
y 2 S
ez=0 | ez=0
My My
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Figure 9. .....Beam without F, - - - Beam with load f but without prestressing

Beam with prestressing force F

In the above relations taking F=0 we get the critical load when M, acts alone,
while taking z, =0, we get the critical M, for simultaneously action of load F
(with out prestress):

M, =iy P -Pr
M, =iy (P, —F)- (P, —F)

Applying the above data, for beams with length 10 and 20 m k=10, and
different e,, we get the plots of Fig. 9.

(21)
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5 CONCLUSIONS

From these plots we point out the following:

o Prestressing increases the ability of a beam against the twisting
phenomenon.

e This increase depends on the eccentricity of the rectilinear tendon, but, in
any way, it is particularly significant, while sometimes surpasses even the
ability of the beam in pure buckling due to a pair of M, acting alone.
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