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ABSTRACT: The present work studies the behavior of an arch bridge under
the action of moving loads and proposes a mathematical model for the solution
of the problem. The arch bridge under study may have a discontinuous deck or a
continuous one, while the columns supporting the deck to the arch are
considered as non-extensible. A 2-DOF model is considered for the solution of
the bridge while the theoretical formulation is based on a continuum approach,
which has been used in the literature to analyze such bridge types.
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1 INTRODUCTION

Arches provide a structural system that can efficiently support heavy loads
while lending themselves to excellent aesthetics. Historically, arches have been
widely used in bridge systems, in modern applications however, they are
usually reserved for signature bridges, where aesthetics play an important role
in the design. Since arches primarily carry loads through compression, steel as
well as concrete are ideal structural materials for these applications.

In the last decades, design practice for various types of steel structures has
been changed to limit state design rules in order to obtain more rational designs.
Regarding steel arch bridges, there are numerous research papers on the
instability design criterion, the creep phenomenon and also their behavior under
earthquake actions.

Among the studies related to stability, one should mention the one by
Johnston [1] and also those of Bergermeister et al [2], Pircher et al [3], Wang et
al [4], Zhu and Sun [5], Bruno et al [6], Mannini et al [7] etc. Among the studies
related to the creep phenomenon, there are many [8 to 15] related mainly to the
creep of concrete-filled steel arch tubes.

The actual carrying capacity of arches with practical proportioning under
realistic earthquake loadings is considerably less than the one related to
classical bifurcation buckling [16 to 20]. Finally, there is a lack of publications
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related to the support settlement and moving loads.

Regarding the support settlement, Drosopoulos et al [22] studied the
behavior of a stone arch bridge subjected to abutment movement, while Liu et
al [22] studied the effect of a springing displacement.

As for the moving loads, there are papers related to masonry arch bridges
[23] or hanger arch bridges [24-25], while the papers relating to the classical
form of an arch bridge (see Fig. 1) employ numerical methods [26] or FEM
[27]. Only a few publications study the influence of moving trains, such as the
papers of Calcada et al [28], Cher et al [29] or Wallin et al [30].

An arch bridge consists of three elements: the deck, the arch, and the
columns that connect deck and arch. There are two main structural systems that
are shown in Figs la and 1b. The difference lies in the way the deck is
supported. In the case of Fig. 1a the deck is discontinuous, while in the case of
Fig. 1b the deck is continuous. Each one of the above systems has advantages
and disadvantages, while the choice relates for various parameters depending on
the environment, where the bridge will be erected.

In the first case of a discontinuous deck, a random load F affects only two
neighboring columns (see Fig. 2a), while in the second case of a continuous
deck it affects all the columns.

In the following, the columns are considered as non-extensible. A force F
acts on the deck at the point x=b and is moving with a constant velocity v, while
the form of the parabolic arch is given by the equation:

4-f, , 4-f,
z(x) T X X (1)
The present work studies the behavior of an arch bridge under the action of
moving loads and proposes a mathematical model for the problem. The studied
arch bridge may have a discontinuous deck or a continuous one, while the
columns, connecting deck to arch are considered as non-extensible.

A 2-DOF model is considered for the solution of the bridge while the
theoretical formulation is based on a continuum approach, has been used in the
literature to analyze such bridges, while the obtained equations are solved using
the Duhamel’s integrals and the Laplace Transform.

2 THE REACTIONS OF THE COLUMNS

2.1 Discontinuous Deck

Let us consider now the load F moving within points (k-1) to (k+1) of the deck.
The so-developed reaction of the column k will be (see Fig. 2a):

vt—a a . —vot

V, =F—— L H(ut-a_)-H(o, —vt)+—2L— H(t-a, ) -Ha,  —vt)

a 1 k o k k+1
k k+1 k+1 k
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where H(x-a) is the Heaviside’s unit step function.

az L/2
- o —Ar-
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Figure 1. The two static systems

2.2 Continuous Deck

Isolating the deck from the entire bridge and taking into account the columns
reactions, we get the model shown in Fig. 2b. The reaction at x=0 is given by
the relation:

_F(L-b)-SV(L)

- " (32
where: SV (x) = va (x-a )

p=1
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Vba

Figure 2. Reaction of columns

and the bending moment My, is given by the relation:
M, (X)=V, x+SVa(x)-F-(x-b)-H(x-b)

n-1
where: Sva(x)=sz(X—cxp)-H(X—ap) (3b)

p=1

Therefore, the equation giving the form of the elastic line will be:
El,wi (X)=—M,(X) , which after a double integration becomes:

Wb(x)zA(x)+clx+c2

M (x 4
where: A(x):—” o )dxdx @
El

The boundary conditions are:

w, (0)=w, (L)=0 (5)
which finally give:
__AWL)-A©)

. L (6)

c, = -A(0)

Isolating now the arch from the entire bridge and taking into account the
reactions of the columns, we get the model in Fig. 3.
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Figure 3. The Arch

The developed reactions at 0’ are:

(7)
v -V
ao L
The bending moment M, is
M (X)=V_-x—H-z(x)-SVa(x) (8)
Therefore, the equation giving the form of the elastic line will be:
El w!(x)=-M_(x) 9)

Setting, as usual, 1, =1_cos¢, where |, the moment of inertia at the top point
of the arch (where x=L/2), eq(9) becomes:
El W’ (x)= —Ma(x)-\/1+ 7' (10)
After a double integration we obtain:
wa(x) =G(x)+d1 -x+d

M (x) \/1+z’2 i (11)
X

where: G(x)= ﬂ

The boundary conditions are:
w_(0)=w (L)=0 (12)

which finally give:
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4 - GL-GO

! L (13)
d, =-G(0)

The deck beam and the arch are connected through the pinned columns.

Therefore, the following conditions are valid:

w, (o) =w, (@,)

w (o )=w, (a,) (14)

From the above system of egs (14), the stresses Vy,..., Vn1 0Of the columns can
be determined.

3 THE ARCH
Let us consider the arch beam of figure 4, that is based on points 1 and 2 and its
form is given by the following equation:

z=2(x) (15a)

From the initial and the deformed state of an infinitesimal part ds of the arch we
find:

dx +du =(1+€)-ds-cos(p+y) =dx +g-dx —y-dz
dz +dw =(1+¢g)-ds-sin(p+y)=dz+e-dz+y-dx

—»’;— L2 —F—— L2 —F—

Figure 4. The arch

or finally:

du=g-dx —y-d
uaxwz} (15b)

dw =y -dx +¢-dz
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Figure 5. Deformation of an infinitesimal part ds

where, infinitesimals of higher order (¢-dz -y, ¢-dz-dx) are neglected.

For a non-extensible beam (¢=0) we have:

dy d’*w dx
ds gx? ds
) (15¢)
du dz dw dz
—=g- 14+ — - .
dx dx dx dx

From the second of the above egs (15c) we obtain:
L

JL.du =u(L)-u(0) =JL.8-(1+Z’2)dX—J.Z'-W’dX =0
0

0

which after integration gives (because w(0)=w(L)=u(0)=0):
L

L
jg-(1+z’2)dx +J.z”-wdx =0 (15d)
0 0
On the other hand, we know that:
__N , 1+z2'% = ! , N=_ (15e)
E-A(X) cos’ ¢ cos¢

therefore, equation (15d) becomes:
L

L

dx =—|z"-wd 15
J.EA(X)COS(p ‘([EA(X)COS([)X -!Z § (150
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@=arctanz’

Figure 6. Equilibrium of an infinitesimal part ds

From Fig. 6, we get dH = —pxdx and because it is usually p, =0, we obtain:

H = constant (16a)
and thus:
L
__1 j 2" il
K 0
. (16b)
where: K= Jd—
EA(x)cos [0)
From the equilibrium of Fig. 6, we conclude to the following equations:
dv d*M
Z’H=-p , —=-p_, =H-(z-w)"+ 16¢
v ()p}()

2
From the first of (15c) we get: dy _d'wox M
d dx? ds  EI

2
or d"w =— M or because of eq(16c¢):
dx 2 El_cose

2 2
— | El COS(pd \/2v
a dx

(16d) and the inertia forces, we get:

Jz H-(z—w)"+p_ and taking into account equation eq

2 2

d°w
—Z[Elacos(p v

n L
J+H-w”+m\7\'/=p —Z—-Iz”-m/dx (16d)
z K 9

From eq (1), we find z" =8fO /L* while we set, as usual, | cosp=I_ where I,
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is the moment of inertia at the top point of the arch. Therefore, eq (16d)

becomes:

2 64f2 L
EI W””_ mg - —

c

3.1 The free vibrating arch
With p_=0, the equation of the free motion is:

2 64f > L
El W””—%W'#m\'/v:— ° Ivvdx
c 8f0 KL4 .

We are searching for a solution of the form:
w(x, t) = W(x)-e'"
Therefore, eq (17a) becomes:

L
W””—A-W"—k4W=—BIde

2 64> 2
where: A= mgL  B=— o Do
8f El_ K|_4|5|C El

c

(16e)

(17a)

(17b)

(17c)

Given that the integral of the right site member is independent of X, the general

solution of eq (17¢) will be:

W(x) = c, smk X+C, COSA X+C Slnhk X+c, Coshi x+—'[de

e i

Integrating eq (17d) we find:

k' -BL

L 4
Kk c, c, . c, C, .
_[de: -|==—=(cosr L-1)+—=sinA L+—(CoshA_L-1)+—Sinhix_L
A ! A oo 2 A 2
0 1

1 2

Therefore, the final solution of eq (17c) becomes:

(17d)
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W(x)=c |sinA Xx————(cosA_ L-1) [+c_| COSA X+——sinA L
1[ 1 Xl(k4 _BL) 1 2 1 kl(k‘t ~BL) 1
+C_|SinhA _x+ . (Cosh A L-1) [+c | CoshA x++8inhk L
’ ® A, (k"-BL) 2 4 ® a,(k"-BL) 2
(17e)

With boundary conditions W(0)=W(L)=W"(0)=W"(L)=0, we obtain the
following equation for eigenfrequencies:

B B ) B B )
-~ (coshL-1) 14— sinAL| ———(CoshA L—1) |1+ ——SinhA L
kl(k“—BL)(COS ! )[ +kl(k4—BL)SIn ! j xz(k“—BL)( oS, )[ +k2(k4—BL) th ]
sinle cosh,L-1 SinhkzL CoshkzL—l
0 - 0 2
~Nsin L - cosh L A2sinha L 3’ CoshiL, L
(18a)
Finally, the shape functions are given by (17e) with:
sin le
c.=—C - ——
2 ! cosh, L-1
%\’ sina. L-(Coshi_L—1)
c,=C | L]  —= 2 (18b)
® 1 {x,) Sinhi L-(cosr L-1)

7‘1 sin le

C :_C o —= - =
4 1
[kj cosle—l

3.2 The forced vibrating arch
Equation (16e) can be written as follows:
2 n-1 6 2 L
El W,,,,_mgL w'+mw=>» V (b)d(x-a )——— IV\IdX (19a)
c 8f il PTOKL

where §(x-a) the Dirac delta function.
We are searching for a solution of the form:

w(x, ) => W (x)-T (t) (19b)

where W,(x) are the shape functions of §3.1 and T,(t) the time functions under
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determination. Introducing (19b) into (19a) we obtain:

El ZW”’T mg"

Rememberlng that Wn satisfies the equation of free motion (17c), the above
becomes:

n-1
. )
mY WT +m> oW T =levp(b) S(x—a ).
n n p=.

Multiplying the above by W, , integrating the outcome from 0 to L and taking
into account the orthogonality condition, we obtain:

T +olT = jiv (b) W, (X)8(x ~ 0t ) dx = ———— L Zv (D)W, (o)
mIWkdx 00t mJ-Wkdx P
0 O (19¢)

Since b=v-t ie. V,(b) isa function of t, the solution of the above (19c) is
given by the Duhamel’s integral:

Tk(t):+'I§Vp(u'r)~wk(ocp)'sin[cok(t—r)]dr (19d)

=1
o m[Widx *°

4 NUMERICAL EXAMPLES AND DISCUSSION
Let us consider an arch bridge with length L=200m (see Fig. 7).
The bridge consists:
a) From the deck that has static form either of a continuous beam (fig. 7b) or it
is composed from simply supported beams (Fig. 7a).
b) From the pinned-pinned arch and
¢) From four pinned-pinned columns that connect the deck to the arch.
The bridge is made from structural steel (isotropic and homogeneous material),
with modulus of elasticity E=2.1*10° kN/mZ.
The deck (a continuous beam or a discontinuous one) has five equal spans of
40m length, that means that the needed distances o; will be: a, =0, o, =40,

a, =80, a3 =120, a, =160m, and o5=200m. Its massis my =400kg/m
and its moment of inertial, =0.02m*.

The arch is s pinned-pinned one with the following characteristics: L=200 m,
f,=70 m, 1,=0.8 m*, m,=800 kg/m and A(x) =1.22m?.
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Figure 7. The studied systems

We will study the behavior of the two static systems, as they are described
above, for the case of a load P=500 kN, moving with speeds
v=10, 20,and 30m/sec (i.e. 36, 72, and 108 km/h).

Applying equation (18a) we determine the following first four
eigenfrequencies of the arch: o, =4.600sec™, ®, =9.525sec™, w; =18.169sec™*,

and w, =40.738sec".

4.1 The system of Figure 7a
Applying the equations (2), we obtain the following plots showing the acting
forces on each one of the four columns of the bridge.

1 V2

50000 50000
40000 40000
30000 30000
20000 20000
10000 10000
x X
50 100 150 200
a)
V4
v3
50000 ¢
50000
40000 40000
30000 30000
20000 20000
10000 10000
X T X
50 100 150 200 50 100 150 200
c) d)

Figure 8. Stresses of the columns 1-1 (a), 2-2 (b), 3-3 (c) and 4-4 (d)
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Easily, we ascertain that the moving load affects each time only two neighbor
columns.
wi(L/2)

3.107°% b
2:107° F
1.107° |

-1.107° |
—2,107° F
3,107 % F

4,10 % F

Figure 9. Displacements of the middle of the arch for speed v=10m/sec

From the equations (17¢), (18b), (19b) and (19d), we get the plots of figures 9
and 10, where they are shown the displacement of the middle of the arch and
the ones of the points 1°, 2°, 3°, and 4°, where the columns are joined to the
arch.
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Figure 10. Displacements of the points 1’ (a), 2’ (b), 3’ (c) and 4’ (d) of the arch for speed
v=10m/sec
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As it is clear the displacement of the middle of the arch is practically zero. This
is an expected result. Another result is that the maximum displacement of the
arch occurs when the load is located on the first column.

0.03
0.02

0.01

15 20
-0.01

-0.02

Figure 11. Displacements of the point 1’ of the arch for speeds v=10( __ ),20 (__)and 30
m/sec (- - -)

For this reason the plots of Fig. 11 show the displacements of the point 1’ of the
arch, where the first column is joined to it, for different speeds of the moving
load.
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™/ 10 150 Mo
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Figure 12. Stresses of the columns 1-1 (a), 2-2 (b), 3-3 (c) and 4-4 (d)
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4.2 The system of Figure 7b

Applying the previously exposed in §2.2 procedure, we obtain the following

plots showing the acting forces on each one of the four columns of the bridge.
Contrarily to the previous studied system of a discontinuous deck we see that

the moving load affects all the columns and not only the two neighboring ones.

wil/2)

1:10°° f

1.40°° F

2,107 +

Figure 13. Displacements of the middle of the arch for speed v=10m/sec
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Figure 14. Displacements of the points 1’ (a), 2’ (b), 3’ (c) and 4’ (d) of the arch for speed
v=10m/sec
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From the equations (17¢), (18b), (19b) and (19d), we get the plots of figures 13
and 14, where they are shown the displacement of the middle of the arch and
the ones of the points 1°, 2°, 3°, and 4’, where the columns are joined to the
arch.

As it is clear the displacement of the middle of the arch for the case of a
continuous deck is also substantially null. This is an expected result.

For the case of the continuous deck, we get the same result that the
maximum displacement of the arch is happened when the load is located on the
first column.

15 0
-0.01

-0.02 o
OV AY

[ Fa

-0.03 . K

Figure 15. Displacements of the point 1’ of the arch for speeds v=10 ( ___ ), 20 (_ _) and 30
m/sec (- - -)

For this reason we draw the plots of figure 15 where they are shown the
displacements of the point 1’ of the arch, where the first column is joined to it,
for different speeds of the moving load.

5 CONCLUSIONS

A mathematical model is proposed herein for the two static systems of an arch
bridge of over passing under the action of moving loads.

From the results of the models considered, one can draw the following
conclusions.

1. The static model affects the stress of the columns. Using the model of
discontinuous deck, the moving load affects, each time, only two
neighboring columns. Contrarily, using the model of continuous deck, we
see that the moving load affects all the columns and not only the two
neighboring ones.

2. The middle of the bridge for both static systems has negligible displacements
(practically zero).

3. The maximum displacements of the arch occur when the load is moving at
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intervals L/5<x<2L/5 or 3L/5<x<4L/5 for both static systems.

The stress of the columns is greater in the continuous system. This difference
amounts in about 5%.

The displacements appeared in the discontinuous system are greater than the
ones appeared in the continuous one. The difference depends on the speed of
the moving load and decreases as the speed increases.
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